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XXX. A Third Memoir upon Quantics. By Arthur Cayley, Esq. 

Received March 13,-— Read April 10, 1856. 

M.Y object in the present memoir is chiefly to collect together and put upon record 
various results useful in the theories of the particular quantics to which they relate. 
The tables at the commencement relate to binary quantics, and are a direct sequel 
to the tables in my Second Memoir upon Quantics, vol. cxlvi. (1856) p. 101. The 
definitions and explanations in the next part of the present memoir are given here 
for the sake of convenience, the further development of the subjects to which they 
relate being reserved for another occasion. The remainder of the memoir consists of 
tables and explanations relating to ternary quadrics and cubics. 

Covariant and other Tables, Nos. 27 to 50 (Nos. 1 to 50 binary quantics) # . 

Nos. 27 to 29 are a continuation of the tables relating to the quintic 

0, b, c, d, e,fXx,y)\ 
No. 27 gives the values of the different determinants of the matrix 

( a, 4b, 6c, id, e ) 

a, 4b, 6c, 4d, e 
b, 4c, 6d, 4e, f 

b, 4c, 6d ? 4e, f 

determinants which are represented by 1234, 1235, &c, where the numbers refer to 
the different columns of the matrix. No. 28 gives the values of certain linear 
functions of these determinants, viz. 

L == 1256+ 2345-2.1346 
L' =3.1256— 1346 

8M= — 1345 + 2.1246 
8M ; = -2346 + 2.1356 

8 N =-1245 + 3-1236 
8N' =-2356+3-1456 

SOP = L'-3L= 5.1346-3.2345 
16P ; =-5L'~ L=- 16.1256-3.1346—2356. 

At the end of the two tables there are given certain relations which exist between 
the terms of Tables 14, 16, 25, 26, 27 and 28. 

* The Tables 49 and 50 were inserted October 6, 1856. — A. C. 
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If the coefficients of the table 14 are represented by -JA, B, -§C, viz. 

A=2(ae— ibd+3c 2 ) 
B= af—3be+2cd 
C=2(bf-4ce+3d 2 ), 

then we have the following relations between 1234, &c. and A, B, C, viz, 





Cx 


+ BX 


+AX 




1234 = 


+ 6 a 2 


— 12 a6 


+ 16 ac —10 b 2 




1235 = 


+ 6 ab 


- 2 ac -10 6 2 


+ 6 ad 




1236= 


— 2 ac+ 8 b 2 


+ 6 ad —IS be 


— 2 df + 8 e 2 




1245 = 


+ 18 ac 


— 6 ad —30 6c 


+ 8 ae +10 5c? 




1246 = 


+ 12 be 


+ 4 «e — 4 bd—24 c 2 


+ 4 6c + 8 ca 7 




1345 = 


+ 24 ad 


— 8 ae —40 6a 7 


+ 4 a/* +20 5c 




1256 = 


— 1 ae + 4 bd+ 3 c 2 


+ 1 a/ + 5 be — 18 ca 7 


— 1 6/ + 4 cc + 


3 a 72 


2345 = 


+ 20 ac+40 bd— 30 c 2 


— 80 6c +20 cd 


+ 20 6/ +40 cc — 


30 d 2 


1346 = 


+ 4 ae + 8 bd+ 6 c 2 


-36 ca 7 


+ 4 6/"+ 8 cc + 


6 a 72 


2346 = 


+ 4 a/ +20 5c 


-8^-4 ce 


+ 24 c/ 




1356 = 


+ 4 6c + 8 ce? 


+ 4 6/— 4 cc— 24 a 72 


+ 12 de 




2356 = 


+ 8 bf +10 ce 


— 6 c/ -30 de 


+ 18 a 7 / 




1456 = 


+ 6 ce 


+ 6 cf —18 dc 


- 2 a 7 / + 8 c 2 




2456 = 


+ 6 c / 


_ 2 df -10 e 2 


-\- 6 ef 




3456 = 


+ 16 aJ-10 c 2 


-12 ef 


+ 6/ 2 





and the following relations between L, L/ 5 &c. and A, B, C, viz. 





CX 


+BX 


+AX 


N = 


- 3 ac+ 3<6 2 


+ 3 ad— 3 be 


— 1 ae+ 1 bd 


M = 


— 3 ad+ 36c 


+ 3 ae— 3 c 2 


— 1 «/+ 1 cd 


L = 


+ 11 ac +28 bd-39 c 2 


+ 1 of -75 6c + 74 c^ 


+ 11 6/ + 28 cc-39 ^ 2 


L' = 


- 7 «c+ 4 6a 7 + 3 c 2 


4- 3 af +15 be— 18 cd 


- 7 6/+ 4 cc+ 3 d 2 


2P = 


- 1 ac- 2 bd+ 3 c 2 


+ 3 be— 3 cd 


+ 1 6/+ 2 cc— 3 a 72 


P' = 


+ 3 ae- 6 6d+ 3 c 2 


— 1 af+ 1 cd 


+ 3 6/— 6 ce+ 3d 2 


M f = 


— 1 af + 1 cd 


+ 3 bf- 3 d 2 


— 3 cf+ 3 de 


N' = 


— \ bf -\- \ ce 


+ 3 cf— 3 de 


— 3 df+ 3 c 2 



We have also the following relations between L, L', &c. and o, b, c, d, e,f, viz. 

a? —bM + cN =0 

aM'+bP -2eM+3^N '=0 

aN'+2AM'-' cL' . +3eN =0 

+3&N' . — dL' +2eM +/N =0 

+3cN'— 2dM'+ eF +/M=0 

+ rfN'- eM'+/P =0. 

The quartinvariant No. 19 is equal to 

-AC+B 2 , 

i. e. it is in fact equal to —4 into the discriminant of the quintic No. 14. 
The octinvariant No. 25 is expressible in terms of the coefficients of Nos. 14 and 

4 o 2 
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16, viz. A, B, C, as before, and |^, j3, y, j$ the coefficients of No. 16, L e. 

a=:3(ace—ad 2 — b 2 e + 2bcd—c 3 ) 
j3= acf—ade— b 2 f-\- bd 2 + bce~-c 2 d 
y= adf—ae 2 — bcf-\- bde-\-c 2 e —cd 2 
I =3(bdf*-be 2 +2cde— c 2 f -i 3 ), 

then No. 25 is equal to 



a, /3, y 

ft y, & 

The value of the discriminant No. 26 is 

(No. 19)*— 128 No. 25. 

We have also an expression for the discriminant in terms of L, L', &c, viz, three times 
the discriminant No. 26 is equal to 

LL'+64MM'-64NN', 

a remarkable formula, the discovery of which is due to Mr. Salmon. 

It may be noticed, that in the particular case in which the quintic has two square 
factors, if we write 



then 



(a, b, c, d, ejjx, y) 5 =5{(p, q, rjx, y) 2 } 2 (k, (aJx, y), 

a=h\f, b=4pq\+p 2 (jj, c=(2q 2 +pr)\-\-2pq(ju, 
f~hr 2 p, e=r*\-\- iqrp, d=2qrX+ (2q 2 +pr)[jb ; 



and these values give 



P=K(6q 2 —pr) 
= K.10pq 

N=K.5j» 2 



P'~K(10? 2 -15;>r) 
M'=K. lOqr 

N'=K.5r\ 



where the value of K is 



8(pp* - 2q(Ak+rK*y(pr—q*)*. 



The table No. 29 is the invariant of the twelfth degree of the quintic, given in its 
simplest form, i.e. in a form not containing any power higher than the fourth of the 
leading coefficient a : this invariant was first calculated by M. Faa d.e Bruno. 
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No. 29. 



- 1 a 4 c 2 d 2 / 4 




~ ■ 






+ 2 a 2 b 4 de 2 f 3 


— 324 aW</ 


+ 18 a6c 7 / 2 


+ 194 b 4 c 2 d 4 f 


+ 2 a 4 c 2 de 2 f 


- 1 a 2 6 4 e 4 / 2 


- 440 « 2 cW 


+ 242 abc 6 def 2 


- 652 b 4 c 2 d 3 e 2 f 


- 1 a 4 c 2 e 4 / 2 


- 16 a 2 b 3 c 2 df 4 


+ 78 aW/ 


— 128 a£e 6 e 3 / 


+ 713 6WV 


+ 6 a 4 cd 3 ef 3 


+ 16 a 2 b 3 c 2 e 2 / 3 


+ 428 AW 


— 324 abc b d 3 / 2 


+ 136 b 4 cd b ef 


-16 a 4 ctfe 3 f 2 


+ 82 a 2 b 3 cd 2 ef 


— 180 a 2 cd 8 e 


— 498 abc b d 2 e 2 f 


— 246 b 4 cd 4 e 3 


+ 14 a 4 cde b f 


-132 a 2 b 3 cde 3 / 2 


+ 27 a 2 d 10 


+ 136 aflcW 


+ 16 6 4 ^ 7 / 


— 4 a 4 ee 7 


+ 50 « 2 6 3 ce 5 / 


+ 14 a^Wf* 


+ 1078 abc 4 d 4 ef 


+ 4 We 2 


- 4 a 4 ** 8 / 3 


- 16 aW 4 / 3 


— 14 ab b ce 2 f 3 


+ 206 abc 4 d 3 e 3 


— 14 b 3 c 6 / 3 


+ 11 «W/ 2 


- 14 a 2 b 3 d 2 e 2 / 2 


— 32 ab b d 2 ef 3 


— 342 afo-W 6 / 


— 294 b 3 c b def 2 


— 10 a 4 d 3 e 4 f 


+ 60 a 2 b 3 d 2 e 4 f 


+ 50 ab b de 3 f 2 


— 804 «6<rW 


-f- 138 6 3 c 5 e 3 / 


+ 3 « 4 dV 


- 30 a 2 &W 


— 18 aflV/ 


+ 506 aflcW? 


— 440 6W/ 2 


+ 2 a 3 b 2 cd 2 f 4 


+ 11 aW/ 4 


— . 10 «6V/ 4 


— 90 aftcd 9 


+ 1246 b 3 c 4 d 2 e 2 f 


- 4 a 3 b 2 cde 2 f 3 


- 30 a 2 b 2 c 3 def 3 


- 30 ah 4 G 2 def 


- 72 «cy 2 


- 246 6 3 cW 


+ 2 a 3 b 2 ce 4 / 2 


- 14 a We 3 / 3 


+ 60 atfi?/f* 


+ 78 ac 7 d 2 / 2 


+ 206 b 3 c 3 d 4 ef 


- 6 a 3 b 2 d 3 ef 3 


- 50 a 2 b 2 c 2 d 3 / 3 


- 48 ab 4 cd 2 e 2 / 2 


+ 224 ac 7 d^f 


- 866 6 3 c 3 ^ 3 e 3 


+ 16 a 3 b 2 d 2 e 3 f 


+ 168 a 2 b 2 c 2 (Pe 2 f 2 


+ 16 ab 4 cd 3 f 


+ 16 acV 


- 220 b 3 c 2 dj 


— 1 4 a 3 b 2 de b f 


- 48 a 2 b 2 c 2 de 4 f 


+ 38 ab 4 cde 4 f 


- 342 flc 6 ^V 


+ 550 b 3 c 2 d b e 2 


+ 4 a 3 &V 


- 4 «We 6 


— 36 a5 4 c<? 6 * 


— 220 ac 6 dV 


— 56 6 3 cc? 7 e 


+ 6 a 3 bc 3 df 4 


- 48 a 2 b 2 cd 4 ef 


+ 112 «6 4 dy 2 


+ 106 «e 5 d 5 / 


- 4 W 


- 6 « 3 6cV/ 3 


- 2 a 2 b 2 cd 3 e 3 f 


— 204 ab 4 d B e 3 f 


+ 392 «c 5 dV 


+ 78 6Ve/ 2 


— 50 a 3 bc 2 d 2 ef 3 


+ 6 a*#WV 


+ 102 ab 4 d 2 e b f 


— 222 acVe 


+ 428 b 2 c 6 d 2 / 2 


+ 82 a 3 bc 2 de 3 / 2 


+ 62 tfW/ 3 


+ 50 ab 3 c 4 ef 3 


+ 40 ac 3 d 8 


- 516 6 2 c 6 ^ 2 / 


— 32 a 3 bc 2 e 5 f 


- 90 cPhWiPf 


+ 46 ab 3 c 3 d?f 3 


- 4 b 7 df 4 


+ 4 6W" 


+ 36 a 3 bcd 4 / 3 


+ 39 a 2 6W 


- 2 ab 3 c 3 de 2 / 2 


+ 4 5V/ 3 


- 804 6V^e/ 


— 30 a 3 bcd 3 e 2 / 2 


- 28 fl^c 6 */ 3 


- 204 a#W/ 


+ 3 6V/ 4 


+ 550 b 2 c b d 2 e 3 


— 30 a 3 bcd 2 e 4 f 


+ 54 a 2 bc 4 d 2 / 3 


- 170 ab 3 c 2 d 3 ef 2 


+ 24 6 6 c^e/ 3 


+ 392 6 2 c 4 ^ 5 / 


+ 24 a 3 bcde 6 


- 48 a 2 bc 4 de 2 / 2 


+ 308 ab 3 c 2 de h 


- 30 £ 6 ce 3 / 2 


+ 139 b 2 c 4 d 4 e 2 


—28 a 3 bd b ef 2 


+ 112 a 2 5c 4 e 4 / 


+ 42 ab 3 c 2 d 2 e 3 f 


+ 16 b G d 3 / 3 


— 354 b 2 c 3 d Q e 


+ 50 a 3 bd 4 e 3 f 


+ 82 a 2 bc 3 d 3 ef 2 


— 164 ab 3 cd 6 / 2 


- 4 6Ve 2 / 2 


+ 83 6 2 c 2 ^ 8 


— 22 a 3 bd 3 e b 


-170 a 2 bcVe 3 f 


+ 674 ab 3 cd 4 e 2 f 


- 36 b G de 4 f 


- 180 bc 8 df 2 


— 4 «V/ 4 


-104 a 2 6cW 


— 590 «6 3 c^*V 


+ 27 &V 


+ 48 ^c 8 ^ 2 / 


+ 36 a 3 c 4 def 3 


-108 a 2 bc 2 d B f 2 


- 128 a&W?/ 


- 104 b b cd 3 ef 2 


+ 506 bc 7 d 2 ef 


-16 aW/ 2 


- 42 a 2 bc 2 d 4 e 2 f 


+ 138 a6 3 dV 


> ~ 22 b b c 3 ef 3 


— 56 bc 7 de n 


— 22 a 3 c 3 d 3 / 3 


+ 298 a 2 bc 2 d 3 e 4 


- 70 a5Vd/ 3 


- 60 6W 2 / 3 


— 222 5c 6 ^ 4 / 


-50 a 3 c 3 d 2 e 2 / 2 


+ 242 a 2 bcd 6 ef 


- 90 a&W/ 2 


+ 6 6 5 cW/ 2 


— 354 bc 6 d 3 e 2 ; 


+ 16 « 3 cW/ 


— 294 a 2 bcd b e 3 


- 42 ab 2 c 4 d 2 ef 2 


+ 102 &W/ 


+ 330 bc b d b e \ 


+ 16 «W 


- 72 a^d 8 / 


+ 674 ab 2 c 4 de 3 f 


+ 308 b b cd 2 e 3 f 


- 72 bc 4 d 7 


+ 54 a 3 c 2 d 4 ef 2 


+ 78 a 2 6dV 


— 4 ab 2 c 4 e 5 


— 234 6 We 5 


+ 27 c 10 / 2 


+ 46 a 8 cW/ 


- 6 aW/ 3 


+ 394 ab 2 c 3 d 4 / 2 


— 24 b B d b f 2 


- 90 chief 


-60 a 8 cW 


+ 62 flW/ 2 


— 652 ab 2 c 3 d 2 e 4 


- 4 b b d 4 e 2 f 


- 4 cV 


- 6 a 3 cJ 6 / 2 


-108 flV(?e/ 2 


- 714 ab 2 c 3 d 3 e 2 f 


+ 32 6 5 dV 


+ 40 c 8 ^ 3 / 


— 70 a 3 cd b e 2 f 


— 164 a 2 c b de 3 f 


- 498 ub 2 c 2 d b ef 


+ 56 b 4 c 4 df 


+ 83 cW 


+ 56 a 2 cd 4 e 4 


— 24 a 2 cV 


+ 1246 ab 2 c 2 d 4 e 3 


+ 39 6 4 c 4 e 2 / 2 


- 72 c 7 ^ 4 e 


+ 18 a 3 d 7 e/ 


+ 63 aW/ 2 


+ 224 a#W 7 / 


+ 298 b 4 c 3 d 2 ef 2 


+ 16 c 6 d 6 


— 14 «W 


+ 394 a 2 c 4 d 3 e 2 f 


- 516 «6 2 c^V 


— 590 6 4 cW/ 




- 1 aW 2 / 4 


+ 194 a 2 cW 


+ 48 aWe 

<. 


+ 32 6W 

-,; v . 


> 



The tables Nos. 30 to 35 relate to a sextic. No. 30 is the sextic itself; No. 31 the 
qaadrinvariant; Nos. 32 and 33 the quaddcovariants (the latter of them the Hessian); 
No. 34 is the quartinvariant or catalectieant ; and No. 35 is the sextinvariant in its 
best form, i, e. a form not containing any power higher than the second of the lead- 
ing 1 coefficient a. 

No. 30. 



a 


6b 


15 c 


20 d 


15 e 


6/ 


9 



5>> y) 1 
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No. 31. 



-f 1 ag 

- 6 If 

+ 15 ce 

-10 d 2 



No. 32. 



+1 


ae 


+ 2 a/ 


+ 1 


ag 


+ 2 bg 


+ 1 


W 


-4 


bd 


-6 6c 


~9 


ce 


-6 cf 


— 4 


df 


+ 3 


c 2 


+ 4 «? 


-f 8 


d 2 


+ 4 de 


+ 3 


e 2 



T?> y) 



IN O • oo. 



+ 1 #c 


-\-A ad 


+ 6 #c 


+ 4 of 


+ 1 ag 


+ 4 bg 


+ 6 eg 


+ 4 dg 


+ 1 eg 


/ -1 b 2 


— 4 6c 


+ 4 ^ 


+ 16 6c 


+ 14 6/ 


+ 16 <?/ 


+ 4 <^ 


— 4 c/* 


-I/ 2 




-10 c 2 


-20 c<Z 


+ 5 ce 


— 20 dc 


-10 e 2 














-20 d 2 











1*5 3/)' 



No. 34. 



No. 35. 



+ 1 


aceg 


— 1 


ac/ 2 


_1 


ad 2 g 


+ z 


adef 


_1 


ae B 


-1 


b 2 eg 


+ 1 b 2 f 


+ 2 6cg^ 


— 2 


beef 


-2 


bd 2 / 


+ /5 


bde 2 


— 1 


c 3 g 


+ 2 


cHf 


+ 1 


cV 


-3 


cd 2 e 


+* i 


d 4 









+ 1 a 2 d 2 g 2 


^ 

— 42 acde 2 f 


+ 60 6cV/ 2 


— 6 a 2 defg 


+ 12 ace 4 


-30 «cV/ 


+ 4 a 2 ^ 3 


— 20 acT^ 


+ 24 bcd 3 g 


+ 4 a 2 e 3 g 


+ 24 ad 3 ef 


— 84 bcd 2 ef 


- 3 a 2 e 2 / 2 


— 8 a<# 2 c 3 


-\-66 bede 3 


— 6 abedg 2 


+ 4 6% 3 


+24 ^y 


+ 18 abcefg 


— 12 6 3 c/# 


-24 6d 3 c 2 


-12 a6c/ 3 


+ 8 Pf 3 


+ 12 c 4 eg 


+ 12 «5flP# 


- 3 b 2 c 2 g 2 


— 27 c 4 / 2 


— 18 abde 2 g 


+ 30 6 2 ceV 


— 8 c d d 2 g 


+ 6 a^c 3 / 


-24 6 2 cc/ 2 


+ 66 c 3 <ic/ 


+ 4 ac 3 # 2 


-12 b 2 d 2 eg 


— 8 cV 


— 24 ac 2 e 2 # 


-24 6W/ 2 


-24 c 2 d: 3 / 


— 18 ac 2 dfg 


+ 60 b 2 de 2 f 


-39 cW 


+ 30 acV 2 


-27 6V 


+ 36 ce? 4 c 


+ 54 acd 2 eg 


+ 6 bc]fg 


- 8 d & 


-12 ac^ 2 / 2 


— 42 bc 2 deg 




i.. 


i ..- 


i 





The sextinvariant may be thus represented by means of a determinant of the sixth 
order and of the quadrinvariant and quartinvariant. 

5xNo. 35 = 



a, 


2b, 3c, 


Ad, e 


b, 2c, 3d, 


4e, / 


c, 2d, 3e, 


4/> g 


a, Ab, 3c, 2d, 


e 


b, Ac, 3d, 2e, 


f 


c, Ad, 3e, 2f, 


s 


ce—lQd 2 ) 


a, b, 


c, d 




b, c, 


d, e 




c, d, 


e > f 




d, e, 


f> g 
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The tables Nos. 36 and 37 relate to a septic. No. 36 is the septic itself; No. 37 
the quartinvariant. 



No. 36. 



( a 


lb 


21 c 


35 d 


35 e 


21/ 


7 g 


h 



\x, yj 



No. 37. 



— 1 


a 2 h 2 


+ 14 

— 18 

— 24 

+ io 


abgh 
acfh 
acg 2 
adeh 


+ 60 
— 40 


adfg 
ae 2 g 


- 24 

- 25 


b 2 fh 

by 


+ 234 
+ 60 


bcfy 
bceh 



— 40 

— 50 

-360 

+ 240 
-360 

— 81 
+ 240 
+ 990 
-600 
-600 
+ 375 



bd 2 h 

bdeg 

bdf 

bej 

c 2 eg 

<?r 

cd 2 g 
cdef 
ce 3 
dtf 

d 2 e 2 



The tables Nos. 38 to 45 relate to the octavic. No. 38 is the octavic itself; 
No. 39 the q uadrin variant ; Nos. 40, 41 and 42 are the quadricovariants, the last of 
them being the Hessian ; No. 43 is the cabinvariant ; No. 44 the quartinvariant, and 
No. 45 the quintinvariant, which is also the catalecticant. 



a 



8 b 



28 c 



56 d 



No. 38. 



70 e 56 / 



28 g 



8 h 



Jx 3 y y 



No. 39. 



+ 1 


ai 


- 8 


bh 


+ 28 


eg 


-56 


df 


+ 35 


e 2 



No. 40. 



+ 1 ag 


+ 2 ah 


+ 1 ai 


+ 2 bi 


+ 1 ci 


- 6 bf 


— 10 bg 


- 2 bh 


-10 eh 


— 6 dh 


■+ J o ce 


+ 18 ef 


— 8 eg 


+ 18 dg 


+ 15 eg 


-10 d 2 


— 10 de 


+ 34 df 

-25 e 2 


-10 ef 


-io f 



H x > y) 



No. 41. 



+ 1 ae 


+ 4 «/ 


+ 6 ag 


+ 4 ah 


+ 1 ai 


+ 4 fo* 


+ 6 ci 


+ 4 <$ 


+ 1 6?i 


— 4 bd 


-12 be 


- 8 5/ 


+ 8 5# 


+ 12 M 


+ 8 cA 


- 8 dh 


— 12 eh 


-4 fh 


"T* O C 


-\- 8 cd 


— 22 ce 


— 48 ef 


— 22 c# 


— 48 % 


— 22 egr 


+ %fg 


+ 3 <? 2 






+ 24 d 2 


+ 36 <fc 


-36 df 


+ 36 ef 


+ 24 f 














+ 45 e 2 











3>> yy 
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No. 42. 



4-1 €LC 



4-6 ad 
—6 be 



4- 15 ae 
4- 6 5c? 

-21 c 2 



4-20 a/ 
4-50 6e 
-70 cd 



4- 15 «</ 
4- 90 5/ 
— 105 d 



4- 6 ah 
+ 78 ty 
+ 126 cf 
-210 <fe 



"4- 1 ai 
4- 34 M 
+ 154 c# 
- 14^ 
-175 e : 



+ 6 A* 

+ 78 cA 
+ 126 dg 
-210 e/ 



+ 15 ci 
+ 90 ^ 
-105 f 



+ 20 di 
+ 50 eA 
-70/^ 



+ 15 ei 
+ 6 /A 
-21/ 



+ 6/* 

—6gh 



No. 43 



T o. 



44. 



+ 1 


aei 


- 4 


afh 


+ 3 


atf 


- 4 


bdi 


+ 12 


heh 


- 8 


kfg 


+ o 


cH 


- 8 


cdh 


— 22 


ceg 


+ 24 


cf 


+ 24 ^ 


-36 


def 


+ 15 


e A 









+ 



1 acgi 

1 ach 2 
3 #r/A' 
3 adgh 

2 aeH 

1 aefh 

3 a<?# 2 

2 a/V 
1 6 2 ^' 
1 6 2 A 2 

3 befi 



r 



+ 3 


begh 


+ 1 


bdei 


-10 


bdfh 


+ 9 


bdg 2 


+ 11 


be 2 h 


-23 


he fg 


+ 12 bf 


+ 3 


c 2 ei 


4- 9 


c 2 fh 


-12 


c 2 g 2 



r 



— 2 cdH 
—23 cdeh 
+ 27 e## 
+ 19 ce 2 g 
-21 ce/ 2 
+ 12 d' 3 h 

— 21 <# 2 6# 

-13 ^y 2 

-32 de 2 f 

-10 e 4 " 



o. 45. 











( 

+ 1 aceg^' 


-J-l a/ 4 


' 1 ! 

— 4 bdeg 2 


+ 1 <?c?y 


— 1 #ceA 2 


— 1 b 2 egi 


+ 2 bdfg 


— 2 cdefg 


-1 ae/ 2 e 


+ 1 6 2 eA 2 


— 2 6e 3 A 


~2 cdf 


+ 2 «c/#A 


-2 5%A 


+ 4 6e% 


— 3 ce 3 ^ 


t — - 1 ac# 3 


+ 1 6 2 /^ 2 


—2 6<?/ 3 


+ 4 ceVA 


— 1 <2<# 2 ^* 


+ i by 


— 1 c 3 #i 


+ 3 ce 2 / 2 


+ 1 aePA 2 


+ 2 6ce^ 


+ 1 c 3 h 2 


+ 1 dH 


+ 2 adefi 


-2 6c^A 2 


+ 2 c 2 ^* 


-2 J 3 <?A 


— 2 «<^A 


— 2 5ce/Y 


— 2 c 2 dgk 


-2 d 3 /# 


-2 a^ 2 A 


+ 2 5ce^A 


+ 1 cVs 


+ 3 d 2 e 2 g 


+ 2 «^/# 2 


+ 2 befh 


-4 cVA 


+ 3 d 2 <?/ 2 


— 1 «£ 3 z 


~2 befg 2 


+ 2 cV 


-4 de«f 


+ 2 ae 2 fh 


-2 bd 2 fi 


+ 1 e 2 /V 


+ 1 e 5 


+ 1 ae 2 # 2 


+ 2 bd 2 gh 


— 3 cd 2 ei 




-3 aefg 


+ 2 irfe 2 * 


+ 2 cd 2 /A 




V___«_ ■ 


' ^ - 


» i 


i 





If we write 

No. 39=1 

No. 43=J 

No. 44 = K 

No. 45 =L, 

then the determinant called the lambdaie, viz. 

a 9 b y c , d 



12a 



b 


, c , d , e+3X, f 


c 


, d , e-2\, f , g 


d 


, e+3X, / , g , h 



e— 12A, / 



8 



t 



+ 1 ffi 
-1 ¥ 



%x, yT 



r'tx 
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is equal to 

L+2XK+3X 2 J+18>, 3 I— 2592X 5 . 

Nos. 46 to 48 relate to the nonic. No. 46 is the nonic itself; Nos. 47 and 48 are the 
two quartin variants, each of them in its best form, viz. No. 48 does not contain a 2 , 
and No. 47 does not contain aci 2 , the leading term of No. 48. The nonic is the 
lowest quantic with two quartinvariants. 



( 



No. 46. 



+ 1 a\ + 9 b 



+ 36 c 



+ 84 d 



+ 126 e 



+ 126/ 



+ 84 g 



+ 36 h 



+ 9 i 



+ 1 j 



Jfr* y) 



9 



No. 47. 



No. 48. 



a 2 j 2 



+ 


18 


ahij 




'■*?* 


aci 2 


_ 


72 


achj 


+ 


168 


adgj 




o&i 


adhi 


— 


108 


ae/j 


— 


576 


aegi 


+ 


432 


aeh 2 


+ 


540 


af 2 i 


— 


720 


afgh 


+ 


320 


ag 9 




t<5>"> 


b 2 hj 


— 


81 


b 2 i 2 




«45>» 


bcgj 


+« 


648 


be hi 


— 


576 bdfj 


+ 


792 hdgi 


— 


1728 


bdh 2 


4- 


2160 


begh 


+ 


540 


be 2 j 


— 


972 


befi 



l 






v5^ 
720 

432 

1728 



tj<&> 



+ 



720 
2160 
4608 



t<&* 



+ 



2592 

5760 

4320 

320 

- 720 

- 5760 

- 1536 
+ 14688 
+ 4320 

- 8640 

- 8640 
+ 5184 



bfh 

w 

o * 

c gi 

c 2 h 2 

cdej 

cdfi 

edgh 

ceH 

cefh 

ceg 2 

c f 2 9 
d 3 j 

d 2 ei 

d 2 fh 

d 2 g 2 

defg 

de 2 h 

df 6 

e s g 
e y2 



<*?* 



a 2 j 2 



*&> abij 


+ 


2 aci 2 




2 achj 


+ 


7 adgj 


— 


7 adhi 


— 


5 aefj 


— 


22 aegi 


+ 


27 aeh 2 


-f 


25 af 2 i 


— 


45 afgh 


-f 


20 ag* 


-f 


2 b 2 hj 


— 


2 b 2 i 2 


— 


7 bcgj 


+ 


7 be hi 


— 


22 bdfj 


+ 


74 bdgi 


— 


52 bdh 2 


+ 


23 begh 


+ 


25 be 2 j 


— 


73 befi 



r 



+ 70 



— 


45 


+ 


27 


— 


52 


+ 


25 



- 45 

+ 23 

+ 22 

+ 70 





127 


+ 


32 


+ 


25 


+ 


20 


— 


45 


+ 


32 


— , 


47 


+ 


85 


+ 


25 


— 


50 


— 


50 


+ 


30 



bfh 

bfg 2 

c 9j 
crg% 

c 2 h 2 

cdej 

cdfi 

edgh 

ce 2 i 

eefh 

ceg 2 

c f 2 f 
d 3 j 

d 2 ei 

d 2 fh 

d 2 g 2 

defg 

de 2 h 

df 

e 3 g 

e 2 f 2 



Nos. 49 and 50 relate to the dodecadic. No. 49 is the dodecadic itself; No. 50 is 

the cobinvariant. 

No. 49. 



( 



a 


12 b 


66 c 


220 d 


495 e 

■ 


792/ 


924 # 


792 h 


495 i 


220 j 


66 k 


12 I 


m 



X*,yY 



No. 50. 



+ 


3 


agm 


— 


12 


ahl 


+ 


30 


aik 


— 


20 


aj 2 


— 


24 


bfm 


+ 


90 bgl 




108 


bh/c 


+ 


60 


bij 


+ 


60 


cem 



+ 



+ 
+ 



216 


1 
cfl 


72 


cgk 


300 


chj 


270 


"> 

CT 


40 


7% 
d'm 


120 


del 


600 


dfk 


1290 dgj 

u. j 



+ 540 dhi 

- 540 e 2 k 
+ 1080 efj 
+ 1485 egi 
-1080 eh 2 
-2160 f 2 i 
+ 2160 fgh 

- 840 tf 
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Resuming now the general subject, — * 

54. The simplest covariant of a system of quantics of the form 

(where the number of quantics is equal to the number of the facients of each quantic) 
is the functional determinant or Jacobian, viz. the determinant formed with the 
differential coefficients or derived functions of the quantics with respect to the Several 
facients. 

55. In the particular case in which the quantics are the differential coefficients or 
derived functions of a single quantic, we have a corresponding covariant of the single 
quantic, which covariant is termed the Hessian ; in other words, the Hessian is the 
determinant formed with the second differential coefficients or derived functions of 
the quantic with respect to the several facients. 

56. The expression, an adjoint linear form, is used to denote a linear function 
2#+^y+"> or i* 1 the notation of quantics (|, tf...X.x,y, *..), having the same facients as 
the quantic or quantics to which it belongs, and with indeterminate coefficients 
(|, ?;..). The invariants of a quantic or quantics, and of an adjoint linear form, may 
be considered as quantics having (£,#...) for facients, and of which the coefficients are 
of course functions of the coefficients of the given quantic or quantics. An inva- 
riant of the class in question is termed a contravariant of the quantic or quantics. 
The idea of a contravariant is due to Mr. Sylvester. 

In the theory of binary quantics, it is hardly necessary to consider the contrava- 
riants ; for any contravariant is at once turned into an invariant by writing (y, — i) 
for (f, fj). 

57. If we imagine, as before, a system of quantics of the form 

where the number of quantics is equal to the number of the facients in each quantic, 
the function of the coefficients, which, equalled to zero, expresses the result of the 
elimination of the facients from the equations obtained by putting each of the quantics 
equal to zero^ is said to be the Resultant of the system of quantics. The resultant is 
an invariant of the system of quantics. 

And in the particular case in which the quantics are the differential coefficients, or 
derived functions of a single quantic with respect to the several facients, the resultant 
in question is termed the Discriminant of the single quantic ; the discriminant is of 
course an invariant of the single quantic* 

58. Imagine two quantics, and form the equations which express that the differen- 
tial coefficients, or derived functions of the one quantic with respect to the several 
facients, are proportional to those of the other quantic. Join to these the equations 
obtained by equating each of the quantics to zero; we have a system of equations, 
one of which is contained in the others, and from which therefore the facients may 
be eliminated. The function which, equated to zero, expresses the result of the 
elimination is an invariant which (from its geometrical signification) might be 
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termed the Tactinvariant of the two qualities., but I do not at present propose to 
consider this invariant except in the particular case where the system consists of a 
given quantic and of an adjoint linear form. In this case the tactinvariant is a 
contravariant of the given quantic, viz. the contravariant termed the Reciprocant. 

59. Consider now a quantic 

and let the facients x 3 y, .. be replaced by >v<r+^X, X^+^Y, .. the resulting function 
may, it is clear, be considered as a quantic with the facients (X, p) and of the form 

(#X*,y, ...)--> (X,Y,.,.) 

(*XX,Y,..)" 

The coefficients of this quantic are termed Emanants, viz. excluding the first coeffi- 
cient, which is the quantic itself (but which might be termed the 0-th emanant) ; the 
other coefficients are the first, second, and last or ultimate emanants. The ultimate 
emanant is, it is clear, nothing else than the quantic itself, with (X, Y, ..) instead of 
(#, y, ...) for facients : the penultimate emanant is, in like manner, obtained from the 
first emanant by interchanging (#,3/,..) with (X, Y, ...), and similarly for the other 
emanants. The facients (X, Y, ..) may be termed the facients of emanation, or simply 
the new facients. The theory of emanation might be presented in a more general 
form by employing two or more sets of emanating facients ; we might, for example, 
write \x-\~(JjX+vX ! , T^+foY-f ?Y', ... for x, y, ..., but it is not necessary to dwell upon 
this at present. 

The invariants, in respect to the new facients of any emanant or emanants of a 
quantic (i. e. the invariants of the emanant or emanants, considered as a function or 
functions of the new facients), are, it is easy to see, covariants of the original quantic, 
and it is in many cases convenient to define a covariant in this manner ; thus the 
Hessian is the discriminant of the second or quadric emanant of the quantic. 

60. If we consider a quantic 

and an adjoint linear form, the operative quantic 

(B.,B 4 , -IS, fl,..)" 
(which is, so to speak, a contravariant operator) is termed the Evector. The proper- 
ties of the evector have been considered in the introductory memoir, and it has been 
in effect shown that the evector operating upon an invariant, or more generally upon 
a contravariant, gives rise to a contravariant. Any such contravariant, or rather 
such contravariant considered as so generated, is termed an Evectant. In the case of 

a binary quantic, 

(a, b,..Xx,y) m , 
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the covariant operator 

may, if not with perfect accuracy, yet without risk of ambiguity, be termed the Evector^ 
and a covariant obtained by operating with it upon an invariant or covariant, or 
rather such covariant considered as so generated, may in like manner be termed an 
Evectant. 

61. Imagine two or more quantics of the same order, 



(a, b,..Jx,y) 
(a, ft. .]£>,#) 



m 



m 



we may have covariants such that for the coefficients of each pair of quantics the 
covariant is reduced to zero by the operators 

# 

Such covariants are called Comhinants, and they possess the property of being inva- 
riantive, quoad the system, L e. the covariant remains unaltered to a factor pr&$ 9 
when each quantic is replaced by a linear function of all the quantics. This extremely 
important theory is due to Mr. Sylvester. 

Proceeding now to the theory of ternary quadrics and cubics, — 

First for a ternary qnadric, we have the following tables: — 

Covariant and other Tables, Nos. 51 to 56 (a ternary quadric). 

No. 51. 
The quadric is represented by 

(a, b, c,f,g, hX%,y, z) 2 , 
which means — 

a^+by 2 +cz 2 +2fyz+2gzw+2k i vt/. 



No. 52. 
The first derived functions (omitting the factor 2) ar 

(a, h, gX%> y, *) 
{K b, fX& 9 y, z) 
(g> f> o\x 9 y, z). 
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No. 53. 



The operators which reduce a covariant to zero are- 



The evector is 



( K 

( a, 2h, 



( £> 
( a, 
(2h, 



b, 2/ X o ? , d /5 
f, c X 9 a , d s , 

g X Ofo °J 5 
C X ^A, b b , 

No. 54. 



2/, 






— zb 



$ 



xb. 

zb 3 
xb 



v 



(b a , ~b b , b c , B /5 ~b g , b h %%, n, £) 2 . 



The discriminant is 



which is equal to 



The reciprocant is 



No. 55. 

a, h, g 
h, b, f 

abc-af 2 - bg* - ch i +2fgh. 
No. 56. 



> 3 n, t, 



S 



I, a, h, 
n, h, b, f 

& g> /> c 

which is equal to 

(bc-f\ ca-g\ db-h\ gh-af, hf-bg,fg-chXZ, v, %f- 

The discriminant is, it will be noticed, the same function as the Hessian. The 
procant is the evectant of the discriminant. The covariants are the quadric 
and the discriminant ; the reciprocant is the only contravariant. 
Next, for a ternary cubic, we have the following Tables : — 

Covariant and other Tables, Nos. 57 to 70 (a ternary cubic). 

No. 57. 
The cubic is U= 

(a, &, c,f 9 g, K i,j> h IX X > y> *) s > 
which means — 



reei- 
itself 
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No. 58. 

The first derived functions (omitting' the factor 3) are — 

(a, k, g, I, j, hX%, y, *)* 
(h, b, i, f, I, JtXoo, y, zf 

U> f> c ' «> £> l T x > V> *)'• 
The second derived functions (omitting the factor 6) are — 

(«> h jXx, y, z) 

(k, b, fX%, y, z) 

(g, i, cX%, y, x) 

(I, f, iX*, y, a) 

U> l > §X X > y> *) 

(h, k, ix%, y, «)• 



No. 59. 
The operators which reduce a covariant to zero are- 



( j, ¥, c, 2i, g, 2lX^ h , 3», B«, o /5 a„ d 4 )— y^» 

( a, k, 3g, 21, 2j, hX'dj, B/, o c3 a is d g , B,)-s3, 

(3h, b, i, f, 2i, 2kx\, a* B„ B„ dj, H h )-xd, 

( h, b, 3i, 2f, 21, kX^j, B„ o CJ d is o„ 3,)-*o, 

(3/, /, c, i, 2g, 2/£3 a , o„ B„ 3„ d,, B A )-*B, 

( a, 3&, g, 2/, j, 2^XB S , d», a i5 o /5 d„ a s )-.?/d. 



No. 60. 
The evector is 

(Oa, o 4 , d e , d /5 B ff , d h , o,-, ^ d*, d$g, n, £) ! 



No. 61. 
The Hessian is HU= 

(a, h, JX*, y, z), (h, k, /£*, y, z), (j, I, gXx, y, z) 

(h, k, IXx, y, z), (k, b, fXx, y, z), (I, f, iXx, y, z) 

(j> Z > gX x > y> *), (/, /, iXx, y, z), (g, i, cX*, y, z) 
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which is equal to- 



__...,. , L „l„, II III, II 

— 1 agk 


— 1 bhi 


m * » 
— -1 q; 


t ? t 
— 1 bch 


— 1 #c/* 


— 1 a6# 


— 1 6c; 


— 1 ach 


— 1 «5i 


-1 a&c 


+ 1 aP 


+ 1 bl 2 


+ 1 cZ 2 


+ 2 bgl 


+ 1 ai 2 


+ *qfl 


+ 1 V 


- 1 «/# 


+ 1 af 


+ 1 a/i 


+ lgh 2 


+ 1/ 2 A 


+ 1/? 2 


— 1 6y 


+ 2 chl 


— 1 aiA 


— 1 c/A 


+ 2 ail 


— 1 5#A 


+ 1 %' 


-2 hjl 


-2fkl 


-2fkl 


+ 1 ck 2 


— 1 g'A 


+ 1 ¥ 


+ 2 cA£ 


+ 1 cA 2 


+ 2 #J 


+ 1 cAA 


+ 1 fk 


+ 1 ik 2 


+ 1 i 2 / 


+ i/ 2 i 


+ 1 /#/ 


-*/»/ 


+ i/# 


+ ljf 


-».#*■ 


-*M 


\ 






—%fyk 


+ lfk 


+ 1 #AA 


—2 #iA 


+ 1 #;*£ 


+ 1 #A 2 


+ «j5» 








+ 1/Ai 


—Z ghi 


+ 1 A 2 i 


+ 1 hi 2 


—2 Ai; 


+ 1 Mi 


+ 2gkl 








+ i/j» 


-IgP 


-1 A^ 2 


-1 i/ 2 


- 1 jP 


-1 M 8 


+ 2 Ml 
—3 «/A 




















-2? 



u*» y* z ) [ 



No. 62. 



The quartin variant is S= 



— 1 


abcl 


+ 1 «%i 


+ 1 


acfk 


— 1 


a f*9 


+ 1 


afil 


— 1 


afk 


+ 1 6c/^/ 


— 1 


bg 2 h 


-fl 


fyjl 


-1 


bij 2 


— 1 


cfh 


-fl 


chkl 


— 1 


cjk 2 



+ Zfghl 

- 1 fsi k 

— 1 fhij 

+ 1 /A 2 

— 1 $rAAi 
-2 gkP 
+ 1 A¥ 
-2 AiJ 2 
-f 3 ijkl 

-i-l 7 4 



No. 63. 



The sextinvariant is T= 



-f 



+ 

+ 



-f 



l 

6 
4 
4 
3 

6 
4 

- 6 

+ 12 
+ 12 

I i a 
_ |_ q 

-20 

-f IB 
-24 
-12 
-12 
+ 36 
-24 



a 2 b 2 c 2 

a 2 bcfi 

a 2 bi z 

a 2 cf 3 

a 2 f 2 i? 

ab 2 cgj 

ab 2 g s 

ab(?hk 

abcfgh 

abefjl 

abcgkl 

abcMl 

abcijk 

abcl 3 

abfgij 

abfgH 

abg 2 ki 

abgM 2 

abgiP 

abpjl 

ac 2 k d 



r 



—24 
-12 
-12 

-f 18 
+ 36 
—24 
-12 

+" Mt 

-f 6 
+ 12 
+ 12 
-60 
-f 12 
+ 6 
-12 
+ 24 
-12 
+ 12 
+ 4 
- 3 
+ 4 



acf 2 M 
acf 2 jk 
acfgk 2 
acfhki 
acfkl 2 
acikH 

a fty 
af 2 g 2 k 

af 2 gM 

qf 2 gl 2 

a/Hjl 

qfgkil 

afhH 

afi 2 jk 

afiP 

aglet* 

ahi s k 

ai 2 kP 

b 2 cf 

b 2 g 2 j 2 

bc 2 ti> 



-12 

—24 
+ lo 
-12 
+ 36 
-24 

+ 6 
+ 12 
-12 

— 12 

+ 24 

+* XA> 

+ 12 
-60 

+. Q 

-12 

+• &% 
+ 12 

- 3 
+ 24 
+ 6 



bcfhf 

bcghH 

bcghjk 

bchHj 

bchjP 

bcfkl 

WN 



,*3 



bg*hk 
bg 2 h 2 i 
bg 2 M 2 
bg 2 jkl 
bghijl 
bgifk 

bffjl" 

bhfj 2 

bij 2 P 

cVJc 2 

cfh 2 j 

cfgh 2 k 



— 12 

+ 12 
-60 
+ 24 
+ 12 

— 12 
+ 12 
+ 6 
-12 
+ 12 
+ 8 
-27 
-12 
+ 36 
-12 

— 24 

—I— o v) 

-12 
+ 36 

— 6 
-36 



cfhH 

cfh 2 P 

cfhjkl 

cghWl 

cgjk? 

chHkl 

chijP 

chkP 



,2/2 



f 2 g 2 h 2 
f*9? k 

f 2 Mf 

fg 2 hkl 

fffW 
fghHl 

fgMjk 

fgW 



-12 
-12 
-12 
+ 36 

+ 24 

+ o 

-12 
-24 
-12 
-12 
+ 36 

+ O 

-24 
+ 24 

+ oO 

-27 
-36 

- 8 



fyjM\ 
fh*?j 

fhijP 
fifkl 

g 2 k 2 P 

gh 2 kv* 

ghkil 2 

gijk?l 

gkl 4 

A¥ 

h 2 i 2 P 

MP 

hfljkl 

i 2 fk 2 

ijkl 3 

I" 



The discovery of the invariants S and T is due to Aronhold, the developed ex- 
pressions were first obtained by Mr. Salmon. 
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No. 64. 
rhere is an octicovariant for which we may take 

0U= 



or else 



©,u= 





BJHU, 


B,HU, B,HU 




9»HU, 


*B* U, 


RB,U, |B,B a U 




B,HU, 


i^A u > 


iB* U, #,*.U 




B HU, 


iBA U, 


foB.U, £B* U 






R U, 


id, U, iB, U, 


RU, 


B* HU, 


3.a,HU, BAHU, 


KU, 


W*U, 


B 2 HU, BAHU, 


RU, 


BAHU, 


BAHU, B 2 HU, 



or else, what I believe is more simple, a function © /( U, which is a linear function of 
the last-mentioned two functions. 

The relations between ©U, ( U, @ ;/ U are — 

-0 / U+40U=T.U 2 -24S.U.HU 

y/ U+20U=T.U 2 -lOS.U.HU. 

I have not worked out the developed expressions. 



No. 65. 



m 



The cubicontravariant is PU= 



< 



-1 bcl 

-f-1 bgi 
+ 1 cfk 

+1 fil 



\~ 



-i 

+ i 
+i 
-l 

+ i 
— i 



act 
agi 
chj 
g 2 h 

gfl 

if 



— 1 ahl 
+ 1 afk 
+ 1 %' 
~\ fh 2 
+ 1 c^ 

- 1 jk 2 



+ 1 ac^ 

-2 fl/# 

+ 1 ail 
-1 cA 2 

+ 2/' 2 
+ 3 /ft/ 

— 1 

-2^ 



-f 1 abi 
-1 af 

— 2 bgh 
+ 1 bjl 
+ S/M 

+ 2 gk 2 

— 1 Me 

-2 kP 



+ 1 5c/ 
-1 fy 2 

— 2 cfh 
+ 1 c*J 

— 1 ^/a 

+ 2 Az 2 
-2 e7 2 



+ 1 a6^ 
+ 1 «// 

-1 bf 

— 1 ghk 

+% m 

-2 hP 
+ 3 jkl 



+ 1 bch 

+ 1 M 
—2 bij 
-1 cP 

— 1 /Ae 

+ 3 ikl 



-fl flc/ 

■— 1 ai 2 

+ 1 chl 

—2 cjk 

-ifgj 

+ 2 g 2 k 
— 1 ghi 
-2 gl 2 
+ 3 ijl 



— \ abc 

+ 1 afi 

+ 1 % 

+ 1 chk 

+ 3fffh 

— 4 ghl 

-4 M 

+ 3 «)', 

+ 4 P 
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The preceding Tables contain the complete system of the covariants and eontra- 
variants of the ternary cubic, i. e. the covariants are the cubic itself U, the quartin- 
variant S, the sextinvariant T, the Hessian HU, and an octieovariant, say €>U ; the 
contravariants are the cubicontravariant PU, the quinticontravariant QU, and the 
reciprocant FU. 

The contravariants are all of them evectants, viz. PU is the evectant of S, QU is 
the evectant of T, and the reciprocant FU is the evectant of QU, or what is the same 
thing, the second evectant of T. 

The discriminant is a rational and integral function of the two invariants ; repre- 
senting it by R, we have R=64S 3 — T 2 . 

If we combine U and HU by arbitrary multipliers, say « and 6/3, so as to form the 
sum «U+6|3HU, this is a cubic, and the question arises, to find the covariants and 
contravariants of this cubic : the results are given in the following Table : — 

No. 68. 
<*U+6(3HU =«U+6j3HU. 

H(«U+6j3HU)= (0, 2S, T, 8S 2 ^>,/3) 3 U 

+ (1, 0, -12S, -2T5>,/3) 3 HU. 
P(«U+6/3HU) = (l, 0, 12S, 4T5>,j3) 3 PU 

+ (0, 1, 0, -4S5>, j3) 3 QU. 
Q(«U+6/3HU)= (0, 60S, 30T, 0, -120TS, -24T 2 +576S s ^ a , j3) 5 PU 

+ (1, 0, 0, 10T, 240S 2 , 24TS ? 3>,|3) 5 QU. 

S(aU+6/3HU) = (S, T, 24S 2 , 4TS, T 2 -48S 3 5>, |3) 4 . 

T(«U+6j3HU)=(T, 96S 2 , 60TS, 20T 2 , 240TS 2 , -48T 2 S-f 4608S 4 , -8T 3 +576TS 3 5>, (3)' 
R(«U+6/3HU) = ((l, 0, -24S, -8T, -48S 2 5>, /3) 4 ] 3 R. 
F(«U+6/3HU) =(1, 0, -24S, -8T, -48S 2 1«, /3) 4 FU 

+ (0,24, 0, 0, -48T1«,|3) 4 (PU) 2 

+ (0, 0, 24, 0, 96S5>, /3) 4 PU.QU 

+ (0, 0, 0, 8, 0l«,/3) 4 .(QU) 2 . 

We have, in like manner, for the covariants and contravariants of the cubic 
6aPU+j3QU, the following Table :— 

No. 69. 
6«PU+(3QU =6«PU+(3QU. 

H(6«PU+/3QU) = (-2T, 48S 2 , 18TS, T 2 -4-16S 3 %«, /3) 3 PU 

+ (8S, T, -8S 2 , -TS5>, |3) 3 QU. 

P(6«PU+(3QU) = (32S 2 , 12TS, T 2 +32S 3 , 4TS 2 5>, /3) 3 U 

+ (4T, 96S 2 , 12TS, T 2 -32S 3 X« ) |3) 3 HU. 

4 Q 2 
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.Q(6aPU+,3QU) 






S(6«PU+/3QU) = 



T(6«PU+£QU) 



+384TS 2 , 

+ 120T 2 S-f-7680 S 4 , 

+ 10T 3 +3200TS 3 , 

+480T 2 S 2 , 

+ 30T 3 S, 

4. IT 4 - 24T 2 S 3 +512S 6 

- 24T 2 + 4608S 3 , ^ 
+ 1920TS 2 , 
-f" 480 1 &j 

+ 30T 3 +1920TS 3 , 
+ 120T 2 S 2 +7680 S 5 , 

L _ 6T 3 S + 768TS 4 
r + IT 2 +192 S 3 ,^ 

+ 128TS 2 , 
-j + 18T 2 S+384 S 4 , («, (3) 
+ IT 3 + 64TS 3 , 
+ 5T 2 S 2 - 64 S 5 j 

- 8T 3 + 4608TS 3 , 
+ 1920T 2 S 2 + 73728 S 5 , 
+ 360TS +38400TS 4 , 
+ 20T 4 + 8960TS 3 



(«,£) 5 U 



(a, (3) 5 HU 



U, (3) 1 



+ 840T 3 S 2 + 7680TS 5 , 

+ 36T 4 S+ 384T 2 S 4 +24576 S 7 , 

-f IT 5 - 40T 3 S 2 + 2560TS 6 

R(6«PU+(3QU)=[(48S, 8T, -96S 2 , -24TS, -T-16S 3 %a, /3) 4 ] 3 R 2 . 

F(6«PU+/3QU=( 192 S, 32T ,-384 S 2 , - 96TS 

+ ( ,512 S 3 , 192TS 2 , 24T 2 S 

+ ( 1 344S 2 , 352TS , 24T 2 - 1 1 52S 3 , - 288T S 2 

+ ( 48T, , 288TS , 24T 2 +1536S 3 , 

The tables for the ternary cubic become much more simple if we suppose that the 
cubic is expressed in Hesse's canonical form ; we have then the following table : — 

No. 70. 
U = x 3 -\-y 3 + z 3 -4- 6 Ixyz . 



4T 2 -64S 3 5>, ,3) 4 0U 
T 3 %a, (3) 4 .U 2 

20TS -f 64S 4 ^>, /3) 4 U.HU 

144TS 2 %<*,py(mjy. 
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T =1—201*.— 81* . 

R =-(H-8/ 3 ) 3 . 

HU =l 2 (x 3 +y 3 +z 3 )-(l+2l 3 )xyz. 

0U = (l+8l 3 ) 2 (y 3 z 3 +z 3 x 3 +x 3 y 3 ) 

+ (-9l 6 )(x 3 +y 3 +z 3 ) 2 

+ (-21—51*— 20P){x 3 +y 3 +z 3 )xyz 

+ (- 15/ 2 -78/ 5 + 12l a )a?y 2 z\ 
/ U=4(l + 8/ 3 ) 2 (3/V+«V+«y) ' 

+ (- l—4l 3 —4l 6 )(x 3 +y 3 +z 3 ) 2 

+ (4l+100l*+U2l 7 )(x 3 +y 3 +z 3 )xyz 

+ (48l 2 +552l i +48l 8 )x 2 y 2 z 2 . 
® ll U=—2(l+8l a ) 2 (y 3 z 3 +z 3 x 3 +x 3 y 3 ) 

+ (l — 10l 3 )(x 3 +y 3 +z 3 ) 2 

+ (6l— 1801*— 96l 7 )(x 3 +y 3 -+ z 3 )xyz 

+ (6Z 2 -624/ 5 — \92l s )x 2 y 2 z 2 . 
PU = -l(?+V 3 +Z, 3 ) + (-l+4l 3 )&Z,. 
QU =(l-10/ 3 )(i 3 +^+^ 3 )-6r(5+4/ 3 )^. 
FU =-4(l+8/ 3 )(^ 3 +^ 3 f+|V) 

+ (?+>?+?)* 

-24/ 2 (i 3 +^ 3 +Oi< 

-24l{\+2l 3 )l 2 n % 2 , 

to which it is proper to join the following transformed expressions for 0U, 0,U, 0„U, 

viz. 

0U = ( 1 + 8l 3 ) 2 {y 3 z 3 +z 3 x 3 +x 3 y 3 ) 

+ (_2/ 3 -Z 6 )U 2 
+ (2/-5/ 4 )U.HU 

+ (-3/ 2 )(HU) 2 . 

; U=4(l+8/ 3 ) 2 (j/V+«V+«y) 
+ (-l + 12/ 3 +4/ 6 )U 2 
+ (-16Z+4/* )U.HU 

+ (-12/ 2 )(HU) 2 . 

@ W U= — 2(1 +8l 3 ) 2 (y 3 z 3 +z 3 x 3 +x 3 y 3 ) 

+ (l_16/ 3 -6/ 6 )U 2 

+ (6/ )U.HU 

+ (6/ 2 )(HU) 2 . 

The last preceding table affords a complete solution of the problem to reduce a 
ternary cubic to its canonical form. 



